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Relative Impedance Control for Dual-Arm Robots
Performing Asymmetric Bimanual Tasks
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Abstract—This paper presents a method of implementing
impedance control (with inertia, damping, and stiffness terms) on
a dual-arm system by using the relative Jacobian technique. The
proposed method significantly simplifies the control implementation because the dual arm is treated as a single manipulator, whose
end-effector motion is defined by the relative motion between the
two end effectors. As a result, task description becomes simpler
and more intuitive when specifying the desired impedance and the
desired trajectories. This is the basis for the relative impedance
control. In addition, the use of time-delay estimation enhances ease
of implementation of our proposed method to a physical system,
which would have been otherwise a very tedious and complicated
process.
Index Terms—Asymmetric bimanual task (ABT), dual arm,
ideal-velocity feedback (IVF), impedance control, relative Jacobian,
time-delay estimation (TDE).

I. I NTRODUCTION

D

UAL-ARM robots provide a platform for implementing
humanly intuitive tasks and, possibly, straightforwardly
replace humans in performing some of their work. These tasks
may involve high technology, e.g., outer-space assembly and
repair, or domestic work, e.g., assisting the elderly in the household chores. The biggest challenge in dual arms, however, is the
complexity of manipulation. Thus, it is advantageous to adopt
a strategy to address this complexity and, at the same time,
accommodate human intuitiveness in the task requirements.
This work presents a method of implementing impedance
control on a dual-arm system that is controlled as a single
manipulator. It allows an easier coordination of interaction
between the two arms. This single controller was possible via
a relative Jacobian [1], [2], which maps the joint velocities
of the two arms to the relative motion between their end
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effectors, thus the name relative impedance control. The relative
Jacobian is derived by combining the individual Jacobians of
each arm. From the control perspective, it creates an effective
single arm with kinematic redundancy, which contributes to
the simplification of control strategy. The use of time-delay
estimation (TDE) [3]–[6] further simplifies our implementation
by estimating the robot dynamics from the imprecise dynamics
information of the dual arm.
Dual arms are inherently designed to interact with each other
and, in some cases, with their environment. Many studies on
such interaction used impedance control [7]–[9] that is internal
(between manipulators) [10]–[12] and/or external (between
manipulator and environment) [10], [12]. In this paper, relative
impedance control refers to impedance control that is expressed
in relative reference frames, which can be internal or external.
Bimanual tasks can be classified as symmetric or asymmetric
[13], [14]. In symmetric bimanual tasks, both arms play the
same role: in an in-phase manner, e.g., lifting a single object
with both arms [11], [12], [15]–[17], or in an out-of-phase
manner, e.g., rope climbing [13]. In asymmetric bimanual
tasks (ABTs), each arm performs a different role, but each is
necessary to achieve a desired task, e.g., dealing cards [13],
writing a handy note [18], part mating or assembly [19], [20],
and opening a jar [21]. It has been experimentally shown that
bimanual task coordination in humans activates a different part
of the brain as compared to unimanual task movements [22],
[23]. In this paper, the ABT is performed with the right hand
writing a circle on a plate attached to the left hand. Recent
studies on dual-arm/multiple robots include [24]–[26], and
bioinspired robots and control strategies include [27]–[39].
The difference of our work compared to previous studies
of impedance control on dual-arm systems is stated here. The
work in [21] used two anthropomorphic dual arms of Justin to
unscrew a can. It used impedance control without the inertia
term and did not use a relative Jacobian. In [40], two six-degreeof-freedom (DOF) Kuka robots that held an egg used adaptive
force/motion control and did not use a relative Jacobian. Coordination of n-cooperating manipulators was discussed in [11]
with full impedance control but used no relative Jacobian. Full
impedance control of two 6-DOF manipulators was shown in
[12] but did not use a relative Jacobian. Two 2-DOF Selective
Compliance Assembly Robot Arm (SCARA) robots with full
impedance control were used in [10] but the did not use a relative Jacobian. SCARA and Programmable Universal Manipulation Arm (PUMA) 560 robots with full impedance control
were used in [41], but no relative Jacobian was used. A previous
study that is closest to our work is [42], which used impedance
control with relative Jacobian. However, the impedance control
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A. Relative Jacobian
Kinematically, the relative velocity vector ẋR ∈ RnR is derived through the action of the relative Jacobian JR ∈ RnR ×nT
T
q̇T
on the joint-space vector q̇ ∈ RnT = [q̇T
A
B ] , i.e.,
ẋR = JR q̇.

Fig. 1. Schematic diagram of a dual arm with robot A (reference robot) and
robot B (tool robot). We used the following notation: qA —joint angles of
robot A; qB —joint angles of robot B; xR —relative position and orientation
vector with respect to ΣR ; Σworld —world frame; ΣA —base frame of robot
A; ΣB —base frame of robot B; ΣR —relative reference frame (located at
robot A end effector); and ΣT —tool frame (located at robot B end effector).
The position and orientation of robot A is xA , and for robot B, it is xB .

used was only a function of stiffness term, without inertia and
damping terms. In addition, it did not use any cancellation of
the dynamics of the system. There have been comparable dualarm controls using disturbance observer, which is equivalent
to TDE [43]. Studies in dual arms with disturbance observer
and impedance control include [44]–[48]. However, all of these
previous studies did not use relative Jacobian.
The contribution of this paper is on the proposition of relative
impedance control for dual-arm systems to perform ABTs
by simultaneously using relative Jacobian [1], [2] and TDE
[3], [4] with ideal-velocity feedback (IVF) [49]. The use of
relative Jacobian allows a simpler and more intuitive way of
implementing impedance control (with inertia, damping, and
stiffness terms) on a dual arm that is controlled as a single
manipulator. Through our proposed method, only a single set of
desired impedance and desired trajectories is used for the two
end effectors. The use of TDE with IVF provides a convenient
way of dynamics cancellation with minimal knowledge of the
dynamics parameters of the dual arm.
This paper proceeds as follows. Section II presents the theoretical foundation of this work, which includes the relative
impedance control formulation. Section III shows the description of our experimental setup and experimental results of a
bimanual writing task. Section IV presents our conclusion.
Finally, the Appendix discusses the stability analysis of our
proposed controller.

II. T HEORETICAL F OUNDATIONS
The schematic diagram of our dual-arm robot performing
ABT is shown in Fig. 1 with robot A as the reference robot and
robot B as the tool robot. The reference frames are defined as
follows: tool frame ΣT , located at robot B end effector; relative
reference frame ΣR , located at robot A end effector; robot A
base frame ΣA ; robot B base frame ΣB ; and world frame
Σworld . The relative position and orientation vector xR ∈ RnR
defines the position and orientation of ΣT with respect to ΣR .
The symbol nR denotes the task space DOFs. Also shown in the
figure are the position and orientation of robot A end effector,
denoted as xA , and of robot B end effector, denoted as xB .

(1)

The symbols q̇A ∈ RnA and q̇B ∈ RnB represent the joint
velocities of robots A and B, respectively, and nT = nA + nB ,
where nA and nB are the DOFs of the respective robots. (From
hereon, the subscripts A and B would refer to robots A and B,
respectively.) This allows users to directly design the relative
trajectory between the two end effectors so that implementing
ABT becomes particularly simple. The expression of JR can be
derived from the individual Jacobians of each robot, i.e.,
ẋR = ẋB − ẋA

(2)

such that
ẋR = [ −JA

JB ] [ q̇T
A

q̇T
B]

(3)

such that JR = [−JA JB ] is the relative Jacobian with respect to the inertial reference frame. Similar to the aforementioned derivation is shown in [50]. However, in this paper, the
expression of JR used is the same as the expressions shown in
[2] and [51].
B. Relative Impedance Control
The relative acceleration vector in the task space ẍR can be
expressed as ẍR = JR q̈ + J̇R q̇, where J̇R denotes the derivative of JR and q̈ denotes the joint acceleration. The inverse
kinematic solution is [52]

 

+
q̈ = J+
(4)
R ẍR − J̈R q̇ + I − JR JR ν
where I ∈ RnT ×nT is an identity matrix and ν ∈ RnT is an
arbitrary joint-space acceleration vector. In this paper, we use
ν = 0, which means that the solution achieves the minimum
norm acceleration.
The complete dynamics of the entire dual-arm system is
expressed as a combined dynamics of robots A and B, i.e.,
τ = M(q)q̈ + c(q, q̇) + g(q) + f (q, q̇) + τ d + τ e

(5)

T
nT
τT
denotes the joint torque vector;
where τ u = [τ T
A
B] ∈ R
M(q) = diag(MA (q), MB (q)) ∈ RnT×nT denotes the block
diagonal of combined inertia matrices; c(q, q̇) = [cA (q, q̇)T
cB (q, q̇)T ]T ∈ RnT denotes the combined torques of Coriolis
and centrifugal forces; g(q) = [gA (q)T gB (q)T ]T ∈ RnT denotes the combined torques of gravitational forces; f (q, q̇) =
[fA (q, q̇)T fB (q, q̇)T ]T ∈ RnT denotes the combined torques
of Coulomb and viscous friction, and stiction; τ d ∈ RnT denotes the torques due to disturbances; and τ e ∈ RnT denotes
the torques due to environmental contact forces.
The target dynamics of a physical system, such as the
aforementioned equation, can be achieved through the desired
impedance equation [7]–[9]. In this paper, we modify the
desired impedance equation such that it can accommodate the
relative motion between the two end effectors of the dual
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arm, the internal impedance between them, and the (external)
impedances for each end effector. The defined relationships
are expressed in a formulation corresponding to an equivalent
single manipulator
−fR = MRd (ẍRd − ẍR )+BRd (ẋRd − ẋR )+KRd (xRd −xR )
(6)
referenced at ΣR , where fR ∈ R denotes the relative contact
forces between two end effectors, which can be obtained from
the virtual work theorem [52] as τ e = JT
R fR ; MRd , BRd , and
KRd ∈ RnR×nR denote the desired mass, damping, and stiffness
matrices, respectively; and xRd , ẋRd , and ẍRd ∈ RnR denote
the desired position and orientation, velocity, and acceleration
vectors, respectively. The formulation (6) is called the relative
impedance control equation, that allows a single control for
the dual arm. As an example, when two 6-DOF robots are
used in a dual-arm system, instead of managing 12 components
to perform impedance control for the two arms, the proposed
approach uses only six components for the equivalent single
manipulator and is therefore easier to manage and implement.
Furthermore, the desired motion is specified in terms of the
relative motion between the end effectors with respect to the
task frame.
nR

C. TDE and IVF
There are two core techniques in this controller: TDE [3], [4]
technique and IVF [49]. The TDE is an efficient and effective
technique to estimate robot dynamics without a model. The
IVF, which originated from natural admittance control [53],
[54], is used for eliminating discontinuous nonlinearities such
as Coulomb friction, stiction, and inertial force uncertainties.
Note that the former takes care of continuous nonlinearity,
whereas the latter takes care of discontinuous nonlinearity.
To eliminate the two nonlinearities of the system, we use
TDE as follows. First, we re-express the robot dynamics as
τ = M̄q̈ + h(q, q̇, q̈)

(7)

h(q, q̇, q̈), where, from (4), we set ν to zero. From (7), we set
τ = τ u , where τ u is the control torque which is designed as
follows:


−
J̈
q̇
+ ĥ(q, q̇, q̈).
(9)
τ u = M̄J+
v
d
R
R
The symbol vd is a control law that combines the relative
impedance equation with the IVF correction term and is expressed as
vd = ẍRd + M−1
Rd (ẋRd − ẋR ) + KRd (xRd − xR ) + fR


injecting relative impedance behaviors

+ Γ (ẋR,ideal − ẋR )



(10)

ideal velocity feedback

where Γ ∈ RnR ×nR denotes the IVF gain and is a constant
diagonal matrix and ẋR,ideal , called ideal velocity, is defined as
Δ

ẋR,ideal =

ẍRd + M−1
Rd [BRd (ẋ − ẋ)
+ KRd (xRd − xR ) + fR ]} dt.

(11)

Finally, the control torque is obtained as (12), shown at the
bottom of the page.
We apply the control torque (12) to the robot dynamics (7),
where q̈ = J+
R (ẍR − J̇q̇) and results in
M̄J+
R (ẍR − J̇q̇)+h(q, q̇, q̈)
= τ u(t−L) − M̄q̈(t−L)
−1
+ M̄J+
R ẍRd +MRd [BRd (ẋRd − ẋR )
+ KRd (xRd − xR )+fR ]− J̇R q̇
+

M̄J+
R Γ(ẋR,ideal − ẋR ).

(13)

Due to discontinuous nonlinearities, the TDE compensation
cannot accurately cancel the effects of the robot dynamics, i.e.,
h(q, q̇, q̈) = ĥ(q, q̇, q̈) = τ u(t−L) − M̄q̈(t−l) .

(14)

where M̄ ∈ RnT ×nT is a constant diagonal matrix, which
may assume the nominal value of M(q), and h(q, q̇, q̈) =
(M(q) − M̄)q̈ + c(q, q̇) + g(q) + f (q, q̇) + τ d + τ e .
Note that h(q, q̇, q̈) contains all the continuous and discontinuous nonlinearities. In order to estimate it, we use TDE with
the assumption that, for a given time t and a sampling period L
that is sufficiently small, the following holds: limL→0 h(q, q̇,
q̈)(t−L) = h(q, q̇, q̈). Let ĥ(q, q̇, q̈) denote the estimate of h(q,
q̇, q̈); then, ĥ(q, q̇, q̈) = h(q, q̇, q̈)(t−L) . From (7), we obtain

(This discussion can be found in [49].) Thus, the difference between the TDE compensation and discontinuous nonlinearities
results into an  error


(15)
 = JR M̄−1 τ u(t−L) − M̄q̈(t−L) − h(q, q̇, q̈) .

ĥ(q, q̇, q̈) = τ (t−L) − M̄q̈(t−L) .

where δ represents a very small number. We tune the value of Γ
by trial and error in order to keep   Γ(ẋR − ẋR,ideal ). This
results to our target dynamics in (6). The implementation details
of this proposed controller are discussed in Section III-C.

(8)

The robot dynamics in the operational space can be obtained
by substituting (4)–(7), resulting in τ = M̄J+
R (ẍR − J̇R q̇) +

Moreover, by applying (15) to (13), we obtain
ẋR − ẋRd +M−1
Rd [BRd (ẋR − ẋRd )+KRd (xR −xRd )−fR ]
= −Γ (ẋR − ẋR,ideal ) = δ (16)

+
−1
τu = τu(t−L)− M̄q̈(t−L) +M̄J+
R ẍRd +MRd [BRd (ẋRd − ẋR )+KRd (xRd −xR )+fR ]−JR q̇ +M̄JR Γ(ẋR,ideal − ẋR )






time delay estimation

injecting relative impedance behaviors

ideal velocity feedback

(12)
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TABLE I
D–H PARAMETERS OF T WO I NDUSTRIAL ROBOTS . (a) FARAMAN
AC2 (R EFERENCE ROBOT ). (b) FARAMAN AT2 (T OOL ROBOT )

Fig. 2. Experimental setup of dual-arm system. (Left) Faraman-AC2 as a
reference robot with the acrylic plate and (right) Faraman-AT2 as a tool robot
with a ball caster.

Fig. 3.

Assignment of link frames for the dual-arm robot system.

III. E XPERIMENT
This work will present three sets of experiments to verify the
proposed relative impedance control on a dual-arm system performing ABTs, including contact, noncontact, and transition, in
an effective and stable manner. For a given task, this work will
demonstrate how the desired trajectory and impedance can be
specified.
A. Experimental Setup
A dual-arm real-time control platform is developed for the
experiments.
1) Hardware Configuration: As shown in Fig. 2, the dual
arm consists of two 6-DOF PUMA-type industrial robots manufactured by Samsung Corporation: Faraman-AC2 as a reference
robot (left) and Faraman-AT2 as a tool robot (right). At the
end effector of the reference robot, a force–torque sensor is
attached, and on top of it, an acrylic plate is securely fixed. This
force–torque sensor measures fR , i.e., the relative contact force
with respect to ΣR . The plate is covered with a sheet of white
paper to make the writing more visible. A steel ball caster with
red ink is attached to the end effector of the tool robot.
The frame assignment of each manipulator is shown in Fig. 3,
while Table I is expressed using Denavit–Hartenberg (D–H)
parameters in Craig’s notation [55]. Gear reduction ratios are
{207.7, 320.0, 220.0, 272.7, 138.5, 133.3} for Faraman AC2

Fig. 4. Schematic diagram of the dual-arm real-time control platform.

and {120, 120, 120, 100, 80, 50} for Faraman AT2. Voltageto-torque ratios are {87.09, 68.27, 46.93, 29.09, 7.38, 7.11} N ·
m/V for Faraman-AC2 and {25.45, 25.45, 12.75, 10.62, 4.26,
2.66} N · m/V for Faraman-AT2. The encoder for each joint
of the two manipulators has a resolution of 2048 pulses/rev.
The ATI Gamma SI-130-10 force–torque sensor has 1/80-N
resolution for the forces and 1/3200-N · m resolution for the
torques.
The controller uses an industrial PC with a 2.4-GHz
Pentium 4 where three types of data acquisition boards are
placed (as shown in Fig. 4): Two Contec DA12-8L boards
output analog voltages for control inputs, two Sensoray S626
boards read joint angles and output digital signals for joint
brakes, and one National Instruments PCI-6034E board obtains
the data from the force–torque sensor.
2) Software Configuration: The controller is implemented
by using C++ running under Linux with real-time application
interface [56]. The sampling period is set to 2 ms. This system
uses an open-source Linux driver COMEDI for the real-time
data acquisition and an open-source library Newmat 11 for the
matrix computation.
3) Contact Environment: An acrylic plate (250 mm ×
250 mm × 8 mm) of light and stiff material is used.1 The mass
of the plate is 0.573 kg, and the stiffness is about 8000 N/m.
1 It is known that a manipulator’s contact task is more difficult to conduct in
a stiff environment than in a soft environment [55], [57].
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Fig. 5. Figure shows a desired relative position path [XR , YR , ZR ]T . The blue solid line denotes the path of free motion, and the red solid line denotes the path
of constrained motion. In the 3-D plot, the numbers from 0 to 10 indicate the order of the transition; in the YR –ZR -plane plot, the black dotted line indicates the
expected position of the plate.

Fig. 6. Figure shows a desired relative position trajectory [XR (t), YR (t), ZR (t)]T . The grid of the time axis indicates time intervals of each segment of the
trajectory. In the plot in the ZR -axis, the (blue) dotted line indicates the expected position of the plate.

B. Description of Experiment
In order to demonstrate ABTs with contact, noncontact,
and transition through coordinated action between two 6-DOF
industrial robots, a writing task is conducted. The tool robot
writes three letters, namely, “J,” “O,” and “Y,” on the plate
attached to the end effector of the reference robot. The details
are as follows.
1) Desired Trajectories of Relative Position and Relative
Orientation: The relative path [XR , YR , ZR ]T is shown in
Fig. 5. It is designed to write the three-letter-word “JOY” on
the XR –YR plane. The displacement in the direction of the
ZR -axis is set to exceed the position of the plate in order
to maintain contact during the writing. Each trajectory of the
relative position is composed of 27 segments (including straight
lines and curves), and each segment is formed by the fifth-order

polynomial trajectory [XR (t), YR (t), ZR (t)]T for the given
time intervals, as shown in Fig. 6. Throughout the task (t = 0
to 66 s), the trajectories of the desired relative orientation are
designed to keep the end effector of the right arm perpendicular
to the plate attached to the end effector of the left arm, which
makes the roll–pitch–yaw angles referenced at ΣR equal to
[αR , βR , γR ]T = [π, 0, 0]T , using Euler angle system II [58].
In this approach, only the desired value of xR is necessary and
not the individual desired values of each end effector.
2) Desired Relative Impedance: In the constrained direction
ZR of the 6-DOF task space, a compliant behavior—high
damping and low stiffness—is required to perform ten transitions between the contact state and noncontact state against the
stiff plate. To verify that the proposed control along ZR can
achieve the desired relative impedance precisely and robustly,
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TABLE II
T HREE S ETS OF THE 6-DOF D ESIRED R ELATIVE I MPEDANCE

three overdamped impedance dynamics along ZR is tested with
damping ratios ζZR = 4, 5, 6. For the remaining DOFs, a stiff
behavior—low damping and high stiffness—is required for accurate writing at critically damped impedance ζ = 1. For each
overdamped ζZR , corresponding values of desired relative mass
matrix MRd , damping matrix BRd , and stiffness matrix KRd
are set. These are shown in Table II. Here, relative impedance
with respect to the relative reference frame is specified and not
the absolute impedances of each end effector. Note that the dual
arm is controlled as a single manipulator; thus, the matrices are
of size 6 × 6.
C. Implementation of the Proposed Controller
In order to accomplish the desired relative trajectory and
relative impedance behavior, the proposed controller, as shown
in (12), is used for the experiments. The selection of M̄ has a
significant effect on the control performance and thus is worth
mentioning. In principle, the best selection of M̄ is perhaps
M(q), the actual inertia matrix. Nevertheless, since M(q) is
difficult to accurately estimate and computationally demanding
to implement on real-time basis, M̄ is often tuned by trial and
error. More specifically, its diagonal elements are gradually
increased from a small positive value within the region of
stability, without using system parameters [49]. The elements
of the IVF gain Γ are set at the highest values where no control
chatter occurs. The closed-loop stability analysis due to this
control is given in the Appendix.
Incidentally, we take note that the proposed control requires
the joint acceleration q̈(t−L) for the TDE. The encoder signal
is usually contaminated by noise in the real experiment, and
the effect of the noise is amplified due to the calculation of the
joint acceleration by numerical differentiation. Fortunately, it
was proven in [43] that the noise can be attenuated by lowering
M̄ without explicitly using an additional low-pass filter, which
has the implication of the aforementioned tuning process of M̄.
The use of our relative impedance equation, as shown in (6),
results in the specification of our desired task that is equivalent
to that of a single manipulator. The values of the parameters of
the control law are assigned as follows. The gain M̄ ∈ R12×12
is set to diag(6.62, 5.15, 1.90, 0.84, 0.17, 0.14, 0.99, 0.97, 0.45,
0.32, 0.05, 0.02) kg · m2 , where the first six elements correspond to the reference robot and the remaining six elements
correspond to the tool robot. The relative Jacobian JR ∈ R6×12
is computed based on [2]. The parameters xRd , ẋRd , and ẍRd ∈
R6 are assigned based on the desired fifth-order polynomial
trajectory, as shown in Figs. 5 and 6. The values of MRd , BRd ,
and KRd ∈ R6×6 are based on Table II. The relative position

Fig. 7. Snapshots of the dual-arm system performing the writing task. The
tool robot writes the word “JOY” on a plate attached to the reference robot.

Fig. 8. Scanned image of the result of writing experiment. The length and
width of the grids are 10 mm × 10 mm.

and orientation vector xR = [XR , YR , ZR , αR , βR , γR ]T ∈ R6
is computed from forward kinematics based on q ∈ R12 feedback. The parameter ẋR ∈ R6 = JR q̇, where q̇ ∈ R12 is computed by numerical differentiation of q. The value of fR ∈ R6
is measured by the force–torque sensor attached at the end
effector of the left arm. The value of J̇R is calculated by
using a numerical differentiation of JR . The gain Γ ∈ R6×6 is
set to diag (50, 50, 50, 50, 50, 50). The value of ẋR,ideal ∈ R6
is based on (11). Finally, the value of τ u(t−L) − M̄q̈(t−L) is
based on the previous computation cycle, where L = 2 ms.
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Fig. 9. Response of relative position path [XR , YR , ZR ]T . The (black) dotted line indicates the desired trajectory, and the (red) solid line denotes the real
trajectory.

Fig. 10. Responses of relative position and orientation trajectory. The (black) dotted line indicates the desired trajectory, and the (red) solid line denotes the real
trajectory.

D. Experimental Results
1) Experiment 1—Desired Relative Impedance Set #1: A
dual-arm writing task is conducted with the desired impedance
set #1 shown in Table II. The snapshots of the dual arm performing the desired task are shown in Fig. 7, and the experimental
result is shown in Fig. 8. We can see the three-letter-word
“JOY” is accurately written on the paper through the grid
(10 mm × 10 mm) in the image. Note that the uneven thickness
of the word turned out to be the result of irregular supply of
ink to the steel ball, not the outcome of control performance.
This was confirmed through the reproduction of writing with
the saved data of relative position response in Fig. 9.

TABLE III
RMS E RRORS OF R ELATIVE P OSITION AND O RIENTATION R ESPONSES

The responses of relative position along the XR -, YR -, and
ZR -axes in meters and relative orientation in degrees of αR ,
βR , and γR angles are shown in Fig. 10. The root-mean-square
(rms) values of tracking errors are presented in Table III. Except
for the ZR direction, good tracking accuracy was achieved. The
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Fig. 11. Relative impedance error norm, as shown in (17), along the constrained direction ZR .
Fig. 13. Relative position response along the constrained direction ZR as the
desired relative impedance varies.

Fig. 12. Contact force response fR along the constrained direction ZR during
the writing.

position error along the ZR -direction is necessary in order to
maintain contact and achieve the desired relative impedance.
This result confirms that the desired relative impedance behavior is achieved well. Throughout the writing task, the value of
manipulability
measure for the relative Jacobian has the range


Fig. 14. Relative impedance error norm along the constrained direction ZR
during the writing task as the desired relative impedance varies.

det(JR JT
R ) = [3.733, 4.456].
In order to investigate the accuracy of the achieved relative
impedance more quantitatively, we have considered the following relative impedance error norm [59]:
Δ

|σ R | = |(MRd ëR + BRd ėR + KRd eR ) − fR |

(17)

where eR = xRd − xR denotes the error vector of the relative position and orientation, and ėR and ëR are the corresponding relative velocity and acceleration errors. The relative
impedance error norm along the ZR -direction is shown in
Fig. 11. Throughout the task, the rms value of the impedance
error is 0.397 N. The peaks in Fig. 11 occurred at the instance
of contact with the surface and thus are construed to come from
impact forces.
The correctness of σ R can be verified by an inspection of the
contact force response fR along the ZR -axis shown in Fig. 12.
As the response reaches the steady state, the relative impedance
behavior, as shown in (6), becomes fR  KRd (xRd − xR ).
Therefore, an inspection of the steady state (t = 8−10, 16−
22, 30−40, 48−52, and 58−60 s) reveals that the relative
stiffness is 595.62 N/m, which is within about 0.73% error
of the desired stiffness of 600 N/m. The peaks in the force
response are due to the impact when the two end effectors
come in contact. Note that the fluctuation in the steady state
comes from the dynamic coupling: The force in one direction is
affected by the motion of the other directions [59], [60]. From
the aforementioned results, it may be concluded that the desired
relative impedance is realized successfully.
2) Experiment 2—Desired Relative Impedance Sets #2 and
#3: In order to verify the performance of the proposed controller when various desired impedances are implemented, the

Fig. 15. Relative contact force response along the constrained direction ZR
as the desired relative impedance varies.

same writing task is performed under two additional conditions:
the sets #2 and #3 shown in Table II. The presented variation
in damping ratio is modified with respect to the damping
coefficient BRd and spring constant KRd . However, we can
also change the damping ratio to its desired value by varying
the inertia coefficient MRd .
The relative position response along the constrained direction
ZR for the three experimental sets is shown in Fig. 13. The
changes in the response according to the relative impedance
are observed: The smaller the damping ratio ζZR of the desired
relative impedance becomes, the faster is the settling time, and
the smaller is the overshoot.
The relative impedance error norms along the constrained
direction ZR during the writing task for the three experiments
are shown in Fig. 14: The rms errors for sets #2 and #3 are
0.419 and 0.441 N, respectively. The relative contact force
responses along the constrained direction fR along ZR are
shown in Fig. 15 with the desired stiffness of sets #1, #2,
and #3. An inspection of the steady state (t = 8−10, 16−22,
30−40, 48−52, and 58−60 s) reveals that the relative stiffness
values for sets #2 and #3 are very close to the desired value:
The realized relative stiffness values are 505.10 and 405.4 N/m,
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and their deviations from the desired values are 1.02% and
1.35%, respectively. From the aforementioned results, it can
be deduced that the proposed controller achieves the desired
relative impedance quite well under different impedance values.
IV. C ONCLUSION
This work has proposed a method of implementing
impedance control on a dual-arm system, which is treated as a
single manipulator, and performing an ABT. The proposed task
is a writing task, where the tool robot writes the word “JOY”
on a plate attached to the reference robot. Through the use of a
relative Jacobian, the impedance control was reduced to a single
controller for both arms, such that the relative motion between
the two end effectors characterized the execution of the desired
task. This makes the proposed impedance control simpler and
more intuitive when specifying the desired impedance and the
desired trajectories. For the writing task implementation, three
sets of experiments were shown at different damping ratios.
The relative stiffness assumed a maximum steady-state error of
1.35%. The use of TDE made the proposed controller easier
to implement. Finally, a stability analysis of the proposed
controller was presented, which showed that the error was
ultimately bounded.

If JR ε is asymptotically bounded, then the overall system is
bounded-input–bounded-output stable. Therefore, to prove the
stability, we investigate the following inequality equation:
ṡ + Γs = JR ε ≤ JR  ε.

From the definition of the relative Jacobian, ẋR = JR q̇,
it can be inferred that, if JR is unbounded, then even very
small joint displacement causes infinite displacement of relative
position (or orientation); however, it will never happen in the
physical system. Hence, the relative Jacobian is bounded as
JR  ≤ α

where α has a positive value. To find the boundedness of ε,
Δ
by defining the reference joint acceleration as q̈∗ = J+
R (vd −
J̇R q̇), (18) can be reformulated as follows:
q̈∗ − q̈ = ε.

ε ≤ β

If JR is nonsingular, the closed-loop dynamics shown in (18)
can be expressed as
(19)

(20)

or by expressing vd from (10)
ẍRd − ẍR +M−1
Rd [BRd (ẋRd − ẋR )+KRd (xRd −xR )+fR ]
(21)

Here, by defining the integral sliding surface [61] as
s=

ẍRd − ẍR + M−1
Rd [BRd (ẋRd − ẋR )
+ KRd (xRd − xR ) + fR ]} dt

(22)

and from (11), we get s = ẋR,ideal − ẋR ; the closed-loop dynamics can be obtained as follows:
ṡ + Γs = JR ε.

(27)

Δ

Here, the stability of the overall system with the control law
(12) is presented. By substituting (9) into (7), the closed-loop
dynamics due to the proposed control becomes


 
v
q̇
−
q̈
= h(q, q̇, q̈) − ĥ(q, q̇, q̈). (18)
−
J̇
M̄ J+
d
R
R

+ Γ(ẋR,ideal − ẋR ) = JR ε.

(26)

According to the proof provided in [49] and [62], if the time
delay L is sufficiently small and the roots of [I − M−1 M̄]
reside inside a unit circle, the TDE error ε is bounded as

S TABILITY A NALYSIS IN S ECTION III

with the TDE error ε defined as


Δ
ε = M̄−1 h(q, q̇, q̈) − ĥ(q, q̇, q̈)

(25)

where β has a positive value. From (24), (25), and (27), it can
be determined that

A PPENDIX

vd − ẋR = JR ε

(24)

(23)

ṡ + Γs = JR ε ≤ αβ = γ

(28)

where γ has a positive value.
Then, Lyapunov-based stability of the overall system can
be proven in the same manner as the stability proof in [49].
The Lyapunov function can be taken as V = 0.5sT s; the
derivative of V is given by V̇ = −sΓs + sT JR ε. Then, we
can obtain V̇ < 0 under the condition |si | > |{Γ−1 JR ε}i |,
where the subscript •i denotes the ith element of the vector •.
Since JR ε is bounded as (28), the integral sliding surface s is
globally uniformly ultimately bounded with the ultimate bound
|si | ≤ γΓ−1 .
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